Abstract. In 2003, it was claimed that the following problem was solvable in polynomial time: do there exist k edge-disjoint paths of length exactly 3 between vertices s and t in a given graph? The proof was flawed, and in this note we show that this problem is NP-hard. We use a reduction from Partial Orientation, a problem recently shown by Pálvölgyi to be NP-hard.
discussed the problem Max Edge-Disjoint Exact--Length Paths, abbreviated MEDEP( ): given an undirected multigraph, and two vertices s and t, do there exist k edge-disjoint paths between s and t of length exactly ? In Theorem 4.1 of that paper, he used a reduction to network flow to claim that MEDEP(3) was solvable in polynomial time, but the reduction was flawed. Proof. We use a polynomial reduction from the problem Partial Orientation, shown to be NP-hard in Pálvölgyi (2009): given a graph, can we replace some of the edges by directed edges, The maximum flow in D is greater than the maximum number of length-3 edge-disjoint paths in G such that each vertex has prescribed in-, out-, and undirecteddegree?
Let G be the given graph in an instance of Partial Orientation. We construct a graph G , the input to MEDEP(3), as follows. To G we add two new vertices s and t. Let s be adjacent to each vertex v of G with multiplicity equal to the prescribed outdegree of v, and let t be adjacent to v with multiplicity equal to the prescribed in-degree of v. Then, the sum of the prescribed outdegrees is the degree of s, and the sum of the prescribed in-degrees is the degree of t. If these sums are not the same, then trivially the instance of Partial Orientation has no solution, so we assume the degrees of s and t are equal. As input to MEDEP(3), we set k equal to the degree of s and t. Now, any solution of Partial Orientation on G corresponds to a solution of MEDEP(3) on G , and vice versa. We simply correspond each directed edge (u, v) in Partial Orientation with a path suvt in MEDEP(3). This is a polynomial reduction from Partial Orientation to MEDEP(3) and thus shows that MEDEP (3) is NP-hard.
Note that this proof requires allowing duplicate edges incident to s and to t. We might ask, if we require the input graph to MEDEP(3) to be simple, is the problem still NP-hard? We call cc 21 (2012) Length 3 edge-disjoint paths is NP-hard 513 this problem Simple Max Edge-Disjoint Exact-3-Length Paths, or SMEDEP(3). A modification of Pálvölgyi's proof shows that indeed SMEDEP(3) is also NP-hard; the details are available on the arXiv in Alpert & Iglesias (2012) .
